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ON THE QUANTITATIVE VARIATION OF CONGRUENCE IDEALS AND
INTEGRAL PERIODS OF MODULAR FORMS
CHAN-HO KIM AND KAZUTO OTA
Abstract. We prove the conjecture of Pollack andWeston on the quantitative analysis of the
level lowering congruence a` la Ribet for modular forms of higher weight. It was formulated and
studied in the context of the integral Jacquet-Langlands correspondence and anticyclotomic
Iwasawa theory for modular forms of weight two and square-free level for the first time. We
use a completely different method based on the R = T theorem proved by Diamond-Flach-
Guo and Dimitrov and an explicit comparison of adjoint L-values. As applications, we discuss
the comparison of various integral canonical periods, the µ-part of the anticyclotomic main
conjecture for modular forms, and the primitivity of Kato’s Euler systems.
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1. Introduction
1.1. Overview. In [PW11], Pollack and Weston formulated the following quantitative level
lowering conjecture.
Conjecture 1.1 ( [PW11, Conjecture 1.4]). Let p be a prime ≥ 5 and f be a newform of
weight two and square-free level N = a · q · b with q prime and (N, p) = 1. Let λ be the prime
of the Hecke field of f lying above p compatible with the fixed embedding ιp : Q →֒ Qp. Then
ordληf (aq, b) = tf (q) + ordληf (a, qb).
where ηf (aq, b) is the congruence ideal of f in the b-new subspace of S2(Γ0(N)) and tf (q) is
the Tamagawa exponent of f at q.
They also proved the conjecture under certain assumptions (e.g. “Mazur’s principle”) as
follows.
Theorem 1.2 ( [PW11, Theorem 1.5]). Assume the following conditions:
• The image of the residual representation ρf of f contains SL2(Fp);
• If a prime ℓ dividing qb is congruent to ±1 (mod p), then ρf is ramified at ℓ;
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• ρf is ramified at at least two primes.
Then Conjecture 1.1 holds.
The goal of this article is to prove a generalization of Theorem 1.2 for modular forms of
higher weight under mild assumptions.
Theorem 1.3 (Main Theorem). Let f be a newform of weight k and level Γ0(N) with decom-
position N = N+N− such that
(1) the restriction ρf |G
Q(
√
p∗)
is absolutely irreducible where p∗ = (−1)
p−1
2 p,
(2) 2 ≤ k ≤ p− 1,
(3) p, N+, and N− are pairwisely relatively prime,
(4) N− is square-free, and
(5) if a prime q ≡ ±1 (mod p) and q divides N−, then ρf is ramified at q.
Then we have
(1.1) ordληf (N) = ordληf (N
+, N−) +
∑
q|N−
tf (q).
See §1.2 and §1.3 for the precise definitions of congruence ideals and Tamagawa exponents,
respectively. Our proof explains the tame level condition (5) of Theorem 1.3 is inevitable;
thus, Theorem 1.3 is optimal in the level aspect. See Remark 1.17.(3).
We remark that the formula (1.1) quantifies the level lowering congruences in the sense
of Ribet [Rib90] while Wiles’ numerical criterion [Wil95, Theorem 2.17] quantifies the level
raising congruences (c.f. [DDT97, Theorem 5.3]).
An interesting feature of Conjecture 1.1 is that it has various arithmetic applications includ-
ing both cyclotomic and anticyclotomic Iwasawa theory for modular forms. Via Conjecture 1.1,
it is possible to compute the anticyclotomic µ-invariants of modular forms in terms of Tama-
gawa exponents as in [PW11]. This computation also allows us to compare Hida’s canonical
periods and Gross periods arising from definite quaternion algebras following [PW11,CH18].
We can also study the relation between the periods between modular and (indefinite!) Shimura
curves following Prasanna’s approach. See [Pra06,Pra08,Pra11, IP] for detail. Another appli-
cation of Conjecture 1.1 is to observe how Tamagawa defects in the Euler system argument
can be removed via level lowering. Removing Tamagawa defects is essential to have the prim-
itivity of Kato’s Kolyvagin systems [MR04,Bu¨y09,KKS]. We will discuss these applications
in the last four sections of this article.
The original proof of Theorem 1.2 is based on the comparison of the degrees of the parametriza-
tions of modular abelian varieties by modular and Shimura curves following the work of
Ribet-Takahashi [RT97,Tak01]. Since the geometry of modular and Shimura curves is deeply
involved in the argument, we do not expect the original method would generalize for a proof of
Theorem 1.3. As already mentioned in [CH18], the comparison of various congruence ideals is
deeply related to the freeness of the (quaternionic) Hecke modules over the associated Hecke
algebra. Therefore, it seems natural to consider the R = T technique to attack Conjecture
1.1 for higher weight forms. Notably, Chida and Hsieh studied the “minimal” case, i.e. the
tf (q) = 0 case, in [CH18] using an R = T theorem for quaternion algebras. However, it
seems quite nontrivial to generalize Chida-Hsieh’s argument directly by giving the right local
deformation conditions. See Remark 2.18 for this issue.
Our approach is also based on the R = T theorem given by [DFG04] and [Dim09]. Although
we also face the same problem appeared in Chida-Hsieh’s argument, we bypass the difficulty
by the direct comparison among cohomology congruence ideals of various tame levels via their
analytic aspect, the adjoint L-values.
We remark that recent refinements of R = T theorems including Kisin’s Rred = T, Taylor’s
Ihara avoidance, and the fixed inertial Weil-Deligne type local deformations are not very
helpful to compute congruence ideals. This is why we stick to rather classical R = T theorems.
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In [Lun16], B. Lundell claimed that he proved Conjecture 1.1 for Hilbert modular forms of
parallel weight two, but his argument has several gaps in the use of the R = T theorem and
even his formula does not hold as it stands. See §1.6 for detail. Indeed, our work fills the gaps
in his work. It seems that our approach would extend to Hilbert modular forms using the
work of Dimitrov [Dim05,Dim09], but we stick to classical modular forms in this article since
it is enough for arithmetic applications in our mind. The Hilbert case will be investigated in
a future work.
1.2. Modularity lifting theorem and congruence ideals. Let p ≥ 5 be a prime and fix
embeddings ιp : Q →֒ Qp and ι∞ : Q →֒ C. For a field K, denote by GK the absolute Galois
group of K. Let
ρ : GQ → GL2(F)
be an odd, absolutely irreducible, and continuous Galois representation where F is a finite
extension of Fp. Denote by N(ρ) the conductor of ρ. Then, by [KW09] and [Kis09], ρ is
modular of some weight k and some level N . Throughout this article, we assume the following
conditions:
Assumption 1.4 ( [DFG04, §0.2], [Dim09, §1.1]).
(FL) There exists a newform f =
∑
n≥1 an(f)q
n ∈ Sk(Γ0(N)) such that 2 ≤ k ≤ p − 1,
p ∤ N , and ρf ≃ ρ where ρf is the residual Galois representation associated to f .
(TW) The restriction ρ|G
Q(
√
p∗)
is absolutely irreducible where p∗ = (−1)
p−1
2 p.
Let E be a finite extension of Qp large enough to contain all the Hecke eigenvalues of the
newforms in this article. Let O := OE and F the residue field of E.
Definition 1.5 ( [Dim09, Definition 4.6]). Let Σ be a finite set of primes ℓ(6= p). A defor-
mation ρ of ρ to a complete Noetherian local O-algebra A is Σ-ramified if ρ : GQ → GL2(A)
is a continuous representation such that ρ|GQp is crystalline of Hodge-Tate weight (0, k − 1)
with 2 ≤ k ≤ p − 1, ρ|GQℓ is minimally ramified at ℓ 6∈ Σ, and det(ρ) = χ
1−k
cyc where χcyc
is the p-adic cyclotomic character. A ∅-ramified deformation is called minimally ramified.
Denote by RΣ the Σ-ramified deformation ring of ρ. See §2 for the detailed description of
local deformation conditions.
Remark 1.6. We note that the determinant of the deformation is fixed as χ1−kcyc . Thus, we
only work with modular forms of level Γ0(N) in practice although we use modular curve Y1(N)
for the torsion-freeness of the cohomology of the modular curve.
Let S be a large finite set of primes and we define the Σ-ramified Hecke algebra TΣ by
the O-subalgebra of
∏
f O generated by (ιp(aℓ(f)))ℓ 6∈S where f runs over newforms of fixed
weight k such that the associated p-adic Galois representation ρf is a Σ-ramified deformation
of ρ. (e.g. [DDT97, §3.3]) Following [Dim09, Definition 4.2], we recall
(1.2) Pρ :=
{
ℓ primes : ℓ|N(ρ), ρ|GQℓ is irreducible, ρ|Iℓ is reducible, ℓ ≡ −1 (mod p)
}
where Iℓ ⊆ GQℓ is the inertia subgroup.
Remark 1.7. Due to the argument in [DFG04, §1.7.1], we may assume that all the newforms
in this article have minimal conductor among its twist when we work with ad0(f). (c.f. [Dim09,
§4.1].)
Following [Dim09, (21)], we introduce the following level structure depending on ρ and Σ.
For ℓ 6= p, we put c(ℓ) := ordℓ(N(ρ)), d(ℓ) := dimF H
0(Iℓ, ρ), and c(p) = d(p) = 0. For ρ and
Σ, we write
(1.3) Nρ,Σ := r ·
∏
ℓ∈Σ
ℓc(ℓ)+d(ℓ) ·
∏
ℓ 6∈Σ
ℓc(ℓ) = r ·N(ρ) ·
∏
ℓ∈Σ
ℓd(ℓ)
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where r > 3 is a prime such that r 6≡ 1 (mod p), ρ is unramified at r, and (tr (ρ(Frobr)))
2 6=
rk−2(1 + r)2 in F. It is known that there exist infinitely many such r (e.g. [DT94b, Lemma
11], [DT94a, Lemma 2 (when p = 3)]).
Enlarge S enough to contain Σ, primes dividing N(ρ), and r. Let TS = O[Tℓ, Sℓ : ℓ 6∈ S]
be the abstract S-anemic Hecke algebra over O and m = (λ, Tℓ − tr(ρ(Frobℓ)), Sℓ − ℓ
−1 ·
det(ρ(Frobℓ)) : ℓ 6∈ S) the maximal ideal of T
S corresponding to ρ where Tℓ and Sℓ are
standard Hecke operators.
Let Fkp = Sym
k−2(R1s∗Zp) is the p-adic local system where s is the map from the universal
elliptic curve to the modular curve with level Γ1(N) structure over Spec(Z[1/Nk!]) with k ≥ 2,
N ≥ 3 following [DFG04, §1.2.1]. See also [Dim09, §2.1].
We recall the Hecke modules and Hecke algebras following [Dim09, (35)]. Let T(Nρ,Σ) be
the image of TS in the ring of O-endomorphisms of
MNρ,Σ := H
1
e´t,c(Y1(Nρ,Σ),F
k
p )
where H1e´t,c means the compactly supported cohomology and Y1(Nρ,Σ) is the open modular
curve.
Let mΣ be the maximal ideal of T(Nρ,Σ) generated by m, Ur−αr and, Uq for q ∈ Σ where αr
is a chosen eigenvalue of ρ(Frobr). We define T(Nρ,Σ)mΣ andMNρ,Σ,mΣ by the localizations of
T(Nρ,Σ) and MNρ,Σ at mΣ, respectively. Notably, MNρ,Σ,mΣ is exactly the p-adic realization
of the premotivic structure for Sk(Nρ,Σ)mΣ described in [DFG04, §1.2.3].
Lemma 1.8. If Σ contains Pρ, then T(Nρ,Σ)mΣ ≃ TΣ.
Proof. See [Dim09, Lemma 6.4.(i)]. 
Remark 1.9. Note that Pρ ⊆ Σ is not assumed in [DDT97, Proposition 4.7] since this case
is excluded there. See [Dia97b, Remark 3.7 and §7.2] for detail. It corresponds to the type
V in [Dia97b, §2]. In [DFG04], it is bypassed by using [DFG04, Lemma 1.5]. See also the
comment right after [Dim09, Proposition 6.5].
Following [DFG04, §1.7.3], we introduce another level structure depending on a newform f
of level N and Σ. Let d0(ℓ) := dimE H
0(Iℓ, Vf ) and define
(1.4) NΣ := N ·
∏
ℓ∈Σ
ℓd0(ℓ).
For a newform f =
∑
anq
n of level N and Σ, we define the Σ-imprimitive eigenform fΣ =∑
bnq
n of level NΣ by
bn =
{
0 if n is divisible by a prime in Σ,
an otherwise.
Denote by mΣ the maximal ideal of T(NΣ) generated by m and Uq for q ∈ Σ.
Definition 1.10 (Congruence ideals; [Dia97a,DFG04,Dim09]).
(1) For a newform f which arises as a Σ-ramified deformation of ρ, we define
πf,Σ : TΣ → O
by the projection to the f -component. Then we define the Σ-ramified congruence
ideal of f
ηf,Σ := πf,Σ (AnnTΣ(ker πf,Σ)) .
(2) For a newform f ∈ Sk(Γ0(N))m and Σ, consider the Σ-imprimitive eigenform f
Σ of
level NΣ associated to f and define
πf,Σ : T(N
Σ)mΣ → O
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by Tℓ 7→ aℓ(f) for all ℓ ∤ N
Σ. The congruence ideal of fΣ is defined by
ηfΣ(N
Σ) := πf,Σ
(
AnnT(NΣ)
m
Σ
(ker πf,Σ)
)
.
Suppose that we choose Σ by the set of primes dividing N/N(ρ). We also define the
eigenform fΣ,αr of level Nρ,Σ by the r-stabilization of f
Σ with Ur-eigenvalue αr.
Lemma 1.11.
(1) If we choose Σ by the set of primes dividing N/N(ρ), then Nρ,Σ = r ·N
Σ.
(2) If Σ contains Pρ and Nρ,Σ = r ·N
Σ, then we have
ηfΣ(N
Σ) = ηfΣ,αr (Nρ,Σ) = ηf,Σ
for a newform f of level dividing Nρ,Σ.
Proof. The first statement immediately follows from the definitions. We focus on the second
statement. Since the second equality in the second statement immediately follows from Lemma
1.8, it suffices to check the first equality. By a basic property of the congruence ideals (c.f.
[DDT97, (5.2.2)]), we have
ηfΣ∪{r}(r
2 ·NΣ) ⊆ ηfΣ,αr (r ·N
Σ) ⊆ ηfΣ(N
Σ).
Equivalently,
#O/ηfΣ∪{r}(r
2 ·NΣ) ≥ #O/ηfΣ,αr (r ·N
Σ) ≥ #O/ηfΣ(N
Σ).
The properties of r directly implies that the Euler factor of the adjoint L-function of f at
s = 1 is a unit. By the freeness of the Hecke modules described in §4.2, [Dim09, Proposition
6.3 and Proof of Theorem 6.6.(1)], and the property of r above, we have
#O/ηfΣ∪{r}(r
2 ·NΣ) = #O/ηfΣ(N
Σ).
Therefore, the conclusion follows.

We are now ready to recall the following R = T theorem.
Theorem 1.12 (Diamond-Flach-Guo [DFG04], Dimitrov [Dim09]). Let ρ : GQ → GL2(F)
be an odd, absolutely irreducible, and continuous Galois representation satisfying Assumption
1.4. Assume that Σ contains Pρ. Then the natural surjective map
πΣ : RΣ → TΣ
is an isomorphism of finite flat complete intersections over O and MNρ,Σ,mΣ is free of rank
two over TΣ. In particular, all Σ-ramified deformations of ρ are modular.
Moreover, for all newforms f such that ρf is a Σ-ramified deformation of ρ, we have
#SelΣ(Q, ad
0(f)⊗ E/O) = #O/ηf,Σ <∞.
where SelΣ(Q, ad
0(f)⊗E/O) is the Σ-imprimitive adjoint Selmer group defined in Definition
2.12.
Remark 1.13.
• Note that cohomology congruence ideals is used in the original statement of [DFG04].
See §4.2 for detail. The term was coined by Diamond in [Dia97a].
• Careful readers will notice that the modularity lifting theorems in [DFG04] and [Dim09]
have slightly different conditions on the image of the residual representation. However,
it is easy to check either one is enough to obtain the same result when the base field
is Q.
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We also introduce a variant of congruence ideals, which is crucial for this article.
For an integer a, let prime(a) be the set of prime divisors of a. For a newform f of level
N , an integer M with N |M , and a square-free divisor N− of N , we decompose M =M+M−
with prime(M−) = prime(N−). Let g be a normalized eigenform of level M+N− associated to
f . Since πg factors through the N
−-new quotient T(M+N−)N−m of T(M+N−)m, we naturally
have the surjective map
πN
−
g : T(M
+N−)N
−
m → O.
Definition 1.14. We define the N−-new congruence ideal of g by
ηg(M
+, N−) := πN
−
g
(
Ann
T(M+N−)N
−
m
(ker πN
−
g )
)
.
1.3. Tamagawa exponents. Let f =
∑
n≥1 an(f)q
n ∈ Sk(Γ1(N)) be a newform with (N, p) =
1 and 2 ≤ k ≤ p − 1 and Qf the Hecke field of f . Let λ be the prime of Qf lying above p
induced from ιp. Let Qf,λ be the completion at λ, Zf,λ the ring of integers, and F the residue
field. Following Deligne’s construction, there exists a continuous λ-adic Galois representation
arising from f (and ιp)
ρf : GQ → AutQf,λ(Vf ) ≃ GL2(Qf,λ),
which is irreducible, odd, unramified outside Np. Thus, ρf factors through GQ,S where S is
the finite set of places of Q containing the infinite place and the places dividing Np. Indeed,
ρf is characterized by the following property. For each prime ℓ of Q not in S, we have
tr(ρf (Frobℓ)) = ιp(aℓ(f))
where Frobℓ is a geometric Frobenius at ℓ in GQ,S . By choosing a Galois stable lattice Tf of
Vf over Zf,λ, we define the mod λ
n representation
ρn := ρf (mod λ
n) : GQ,S → AutZf,λ/λnZf,λ(Tf/λ
nTf ) ≃ GL2(Zf,λ/λ
nZf,λ)
and the residual representation
ρ = ρf : GQ,S → AutF(Tf/λTf ) ≃ GL2(F).
Since we assume the image of ρ is irreducible (Assumption 1.4.(TW)), ρ is independent of the
choice of Tf . We define Af := Vf/Tf and have Af [λ
n] ≃ Tf/λ
nTf for all n ≥ 1.
Following [FPR94, I.4.2.2], the local Tamagawa ideal for Tf at a prime q is defined by
Tamq (Tf ) = FittZf,λ
((
H1(Iq, Tf )
GQq
)
tors
)
.
If ρn is unramified at q, then Tamq (Tf ) = Zf,λ. Following [PW11, Definition 3.3], we have
the following definition of Tamagawa exponents.
Definition 1.15. The Tamagawa exponent tf (q) for f is defined by the largest integer t
such that Af [λ
t] is unramified at q and Af [λ
t+1] is ramified at q.
Note that tf (q) is finite if q divides N , and tf (q) = 0 if q divides N(ρ). It is known
that Tamq (Tf ) = (λ
tf (q)). See [CH15, Corollary 2 and Corollary 6.15], for example. Since
Tamagawa ideals are defined as Fitting ideals, Tamagawa exponents are stable under base
change. The Tamagawa exponent also coincides with the p-exponent of the local Tamagawa
factor at q for the case of elliptic curves as stated in [PW11, Page 1354].
1.4. The idea of proof. In the proof of Bloch-Kato conjecture for adjoint motives of modular
forms following [DFG04], the following connections are established:
adjoint L-values oo
Hida
// cohomology
congruence ideals
oo
freeness
// congruence ideals oo
R=T
// adjoint Selmer groups.
• The connection between adjoint L-values and cohomology congruence ideals is due to
Hida’s formula [Hid81]. See also [DDT97].
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• The connection between cohomology congruence ideals and congruence ideals follows
from the freeness of the Hecke module over the associated Hecke algebra. Such freeness
results can be obtained in two ways: the method of Mazur, Ribet, Wiles, and Faltings-
Jordan [FJ95] (c.f. [Vat99, Theorem 1.13]) based on the q-expansion principle and the
crystalline comparison isomorphism (Fontaine’s Ccris) and the Diamond’s improvement
of the Taylor-Wiles system argument [Dia97c]. In Diamond’s method, the level of the
Hecke module should be of the form Nρ,Σ for some Σ. See [Dia97c, Theorem 2.4] for
the statement.
• The connection between congruence ideals and adjoint Selmer groups follows from the
Taylor-Wiles system argument.
Our main theorem (Theorem 1.3) precisely measures the difference of two congruence ideals
ηf (N) and ηf (N
+, N−), but making such a connection is not straightforward at all. The
following diagram summarizes how the connection is made.
LΣ(ad0(f), 1)
OO
Euler factors

oo
Hida
// δfΣ (Nρ,Σ/r) = δfΣ,αr (Nρ,Σ)
freeness
§4.2OO
§4“unit Euler factors”

ηfΣ,αr (Nρ,Σ)
oo
R=T
Theorem 1.12
// SelΣ(Q, ad
0(f)⊗ E/O)
OO
explicit computation
via Greenberg-Wiles
§3

LΣ
+
(ad0(f), 1) oo
Hida
// δ
fΣ
+ (N
+
ρ,Σ+
/r ·N−) freeness
§4.2
η
fΣ
+ (N
+
ρ,Σ+
/r ·N−)
OO

✤
✤
✤55
“Euler factors”
§4
uu❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥
ηf (N)
OO

✤
✤
✤
η
fΣ
+ (N
+
ρ,Σ+
/r,N−) oo
a refined
R=T
§2
//
44
“Euler factors”
§4
tt❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
SelΣ
−
Σ+
(Q, ad0(f) ⊗E/O)
ηf (N
+, N−)
//❴❴❴❴❴
The proof of Theorem 1.3 consists of two parts. The first part (§1.4.1) is an approximation
of the main theorem (Theorem 1.16) whose proof is based on the R = T argument and
the computation of Galois cohomology. However, it does not give the exact formula but a
slightly different formula. The second one (§1.4.2) is the correction of this error (Proposition
1.18) whose proof is based on the explicit comparison among adjoint L-values. Theorem 1.3
immediately follows from Theorem 1.16 and Proposition 1.18.
1.4.1. The first approximation. Let Σ be the set of primes dividing N/N(ρ), Σ+ the sub-
set of Σ consisting of primes not dividing N−, and Σ− := Σ \ Σ+. We also decompose
N(ρ) = N(ρ)+N(ρ)− following the decomposition N = N+ · N− in Theorem 1.3 such that
N(ρ)±|N±, respectively. For a prime ℓ dividing N+, we put c+(ℓ) := ordℓ(N(ρ)+) and
d(ℓ) = dimF H
0(Iℓ, ρ). We define
(1.5) N+
ρ,Σ+
:= r ·
∏
ℓ∈Σ+
ℓc
+(ℓ)+d(ℓ)
∏
ℓ 6∈Σ+
ℓc
+(ℓ)
where r is the same one in (1.3). Then we have N+|N+
ρ,Σ+
. Note that ℓ ∈ Σ+ implies ℓ2|N+
ρ,Σ+
.
Comparing with N(ρ)+ and N+, we have
N+
ρ,Σ+
= r ·N(ρ)+ ·
∏
ℓ∈Σ+
ℓd(ℓ)
= r ·N+ ·
∏
ℓ∈Σ+
ℓd0(ℓ).
How much N+ρ,Σ+ and N
+ differ at primes in Σ+? For ℓ ∈ Σ+, we observe the following:
• d0(ℓ) 6= 2 since Σ
+ is (minimally) chosen;
• d0(ℓ) = 0 if ℓ
2 divides N+;
• d0(ℓ) = 1 if ℓ divides N
+ exactly.
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Note that ordℓ(N
+
ρ,Σ+
/N+) 6= 0 happens only in the last case. Due to the minimal choice of
Σ, this case is equivalent to ℓ‖N+ but ℓ ∤ N(ρ).
Theorem 1.16 (The first approximation). Suppose that ρ satisfies Assumption 1.4. Let f be
a newform of weight k and level Γ0(N) and Σ the set of primes dividing N/N(ρ). We assume
the following conditions:
• ρf ≃ ρ,
• 2 ≤ k ≤ p− 1,
• Σ contains Pρ (as in (1.2)),
• p, N+, and N− are pairwisely relatively prime,
• N− is square-free.
• For a prime divisor q of N−, if q ≡ 1 (mod p), then ρ is ramified at q.
Then we have
(1.6) ordληfΣ(N
Σ) = ordληfΣ+ (N
+
ρ,Σ+
/r,N−) +
∑
q|N−
tf (q).
We prove Theorem 1.16 in §2 and §3. In §2, we review the deformation theory of Galois
representations, study a presentation of the Galois deformation ring, and prove a refinedR = T
theorem. In §3, we review the standard facts of Galois cohomology and compute the difference
between adjoint Selmer groups with different local conditions.
Remark 1.17.
(1) Lemma 1.11 is used in (1.6).
(2) One disadvantage of the first approximation is the rigidity of the level structure
N+
ρ,Σ+
/r. If ℓ ∈ Σ+, then ℓ2 must divide N+
ρ,Σ+
. For example, the first approximation
does not imply
ordληfΣ(N
Σ) = ordληfΣ+ (N
+
ρ,Σ+
/r · ℓ,N−/ℓ) +
∑
q|N−/ℓ
tf (q)
for any prime ℓ dividing N− at which ρ is unramified.
(3) Theorem 1.16 indicates that Conjecture 1.1 would not hold as it stands without im-
posing any assumption on N−.
In order to obtain Theorem 1.3 from Theorem 1.16, we need to reduce NΣ to N+
ρ,Σ+
/r ·N−
in RHS of (1.6) and N+
ρ,Σ+
/r to N+ in both sides of (1.6). This is the goal of the second
correction.
1.4.2. The second correction. We assume the freeness result in §4.2 to identify the congruence
ideals and the cohomology congruence ideals here. The second correction is the following
proposition.
Proposition 1.18 (The second correction). We keep the assumptions of Theorem 1.16.
(1) Let Σ− is the set of primes dividing N− where ρ is unramified. If any prime in Σ− is
not congruent to ±1 modulo p, then
ordληfΣ(N
Σ) = ordληfΣ+ (N
+
ρ,Σ+
/r ·N−).
(2) We have
ordληfΣ+ (N
+
ρ,Σ+
/r ·N−)− ordληf (N) = ordληfΣ+ (N
+
ρ,Σ+
/r,N−)− ordληf (N+, N−).
We prove Proposition 1.18 in §4. In §4, we recall cohomology congruence ideals and study
their interpretation as the adjoint L-values.
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1.5. Arithmetic applications. In the last four sections of this article, we discuss four arith-
metic applications of Theorem 1.3.
§5 Comparison of Hida’s canonical periods and Gross periods
§6 The µ-part of the anticyclotomic main conjecture for modular forms of higher weight
§7 Comparison of Hida’s canonical periods and the periods arising from Shimura curves
§8 The primitivity of Kato’s Euler systems via level lowering.
In §5, we generalize the work of Pollack-Weston [PW11] and Chida-Hsieh [CH18] on the
comparison between Hida’s canonical periods and Gross periods. See Corollary 5.8 for the
statement.
In §6, we extend the µ-part of the anticyclotomic main conjecture for modular forms of
higher weight to Greenberg Selmer groups by using Corollary 5.8. The weight two case is
studied in [PW11]. See Corollary 6.4 for the statement.
In §7, we study the integral periods arising from Shimura curves. Under certain assumptions,
we show that if the canonical periods arising from modular curves and Shimura curves differ
by a p-adic unit, then Prasanna’s conjecture holds. See Corollary 7.6 for the statement.
In §8, we show that the Tamagawa defect in the Euler system argument can be removed
via level lowering. See Corollary 8.2 for the statement.
1.6. Comparison with former literatures. In [CH18, §6], the following theorem is proved
basically by using an R = T theorem for quaternion algebras.
Theorem 1.19 (Chida-Hsieh). Suppose that ρ satisfies Assumption 1.4. Let f be a newform
of weight k and level Γ0(N) with decomposition N = N
+N− such that
• ρf ≃ ρ,
• 2 ≤ k < p− 1 and p ∤ N .
• (N(ρ), N/N(ρ)) = 1,
• f is ordinary at p,
• p, N+, and N− are pairwisely relatively prime,
• N− is square-free,
• If q divides N+ exactly and q ≡ 1 (mod p), then q divides N(ρ), and
• ρ is ramified at all prime q dividing N−.
Then we have
ordληf (N) = ordληf (N
+, N−).
Proof. See [CH18, Proposition 6.1]. 
Note that our main theorem weakens the last ramification condition on N− as well as the
p-ordinary condition. It seems difficult to remove the last tame ramification condition on N−
only with the R = T theorem. See Remark 2.18 for this issue.
In [Lun16], B. Lundell claimed a proof of Theorem 1.3 for Hilbert modular forms of parallel
weight two. However, following his argument, the best possible statement is only Theorem
1.16. Even there are also some unjustified arguments which we specify below.
(1) The non-minimal R = T theorem used in [Lun16] depends heavily on Ihara’s lemma for
Shimura curves over totally real fields, which is open up to now (c.f. [CF18, Conjecture
2.3]).
(2) Although Ihara’s lemma issue does not cause any problem for elliptic modular forms,
the R = T statement used in [Lun16] is still not true due to the complication of
the tame level condition on N− appeared in Chida-Hsieh’s argument as described in
Remark 2.18. This is the most serious one and why we introduce the second correction
argument.
(3) Proving the isomorphism between the new quotients of the deformation ring and the
Hecke algebra, his argument depends on the reducedness of the mod p reduction of
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the N−-new quotient of the Hecke algebra, which may not be true in general. Our
argument bypasses this issue without using mod p reduction. See §2.5 for detail.
(4) Some computation of Galois cohomology in [Lun16, §4.3] needs to be improved. We
fix it by introducing SelL(Q, ad0(f)⊗ E/O) in §3.3.
Acknowledgement. To be completed later. Chan-Ho Kim is partially supported by Ba-
sic Science Research Program through the National Research Foundation of Korea (NRF-
2018R1C1B6007009). Kazuto Ota is partially supported by JSPS KAKENHI Grant Numbers
JP17K14173 and JP18J01237.
2. Deformation theory and a refined R = T theorem
In this section, we recall the relevant deformation theory of Galois representations and prove
a refined R = T theorem (Theorem 2.15).
Assumption 2.1. We fix the determinant of all the liftings and deformations of ρ by χ1−kcyc
throughout this article.
2.1. A local-global principle of deformation functors. Under Assumption 1.4.(TW),
the universal deformation functor DGQ,S is representable and represented by the universal
deformation ring RGQ,S . We impose certain local conditions at ℓ ∈ S to cut out irrelevant
deformations in RGQ,S . For primes outside S (and Σ if we consider Σ-ramified deformations),
we impose unramified deformation conditions at those primes (and unrestricted deformation
conditions at primes in Σ).
Imposing these local conditions can be interpreted as defining relatively representable sub-
functors D(ℓ) of the universal deformation functor DGQℓ of ρ|GQℓ . Since ρ|GQℓ may not satisfy
EndF(ρ|GQℓ ) = F, we will only have relatively representable functors for local deformations in
general. See [Maz97, §19] and [Bo¨c07, §3] for the details on relatively representable functors.
Consider the commutative diagram of functors
D(S) //❴❴❴

✤
✤
✤
∏
ℓ∈S D(ℓ)

DGQ,S
“res”
//
∏
ℓ∈S DGQℓ
where “res” is the natural transformation arising from the restriction of GF,Σ to GFv and
D(S) is defined by the pull-back. By [Bo¨c07, Proposition 3.4], D(S) is also representable.
The deformation ring corresponding to D(S) is denoted by R(S).
The tangent space of the deformation functors can be described in terms of adjoint Selmer
groups. Let CNLO be the category of complete Noetherian local (CNL) O-algebras with
residue field F whose morphisms are local O-algebra morphism inducing the identity map on
F. Let CO be the category whose objects are pairs (R,πR) where R is an object of CNLO
and πR : R → O is a surjective local O-algebra homomorphism, and whose morphisms are
morphisms in CNLO which commute with πR’s. For a pair (R,πR) in CO, write ℘πR := ker πR.
We define the cotangent space to Spec R at ℘πR by
ΦπR := ℘πR/℘
2
πR
and the congruence ideal of (R,πR) by
ηπR := πR (AnnR(℘πR)) ⊆ O.
Let ρ|GQℓ : GQℓ → GL2(R) be a deformation of ρ|GQℓ to a finite-length ring R ∈ CNLO.
Then there exists an isomorphism between the tangent space to the functor DGQℓ over R and
H1(Qℓ, ad
0(ρ)). Thus, D(ℓ) corresponds to a sub-tangent space to DGQℓ over R and a subspace
of H1(Qℓ, ad
0(ρ)).
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Let πS : R(S) → O be the specialization with kernel ℘πS . Let ρn : GQ,S → GL2(O/λ
n)
be the reduction of ρ modulo λn. The restriction of ρn to GQℓ yields a subgroup Lℓ,n ⊆
H1(Qℓ, ad
0(ρn)), and the direct limit defines Lv ⊆ H
1(Qℓ, ad
0(ρ)⊗ E/O). Then L := (Lℓ)v∈S
becomes the Selmer structure for S and ad0(ρ)⊗ E/O and we have an isomorphism
(2.1) HomO(℘πS/℘
2
πS , E/O) ≃ SelL(GQ,S, ad
0(ρ)⊗ E/O)
as in [Wil95, Proposition 1.2] and [Maz97, §28].
The relation between the cotangent space and the congruence ideal is now well-known as
follows:
Proposition 2.2. Let (R,πR) ∈ CO such that R is a finite flat O-algebra and suppose that
ηR 6= 0. Then R is a complete intersection if and only if FittO(ΦπR) = ηπR .
Proof. See [LJ97, Corollary 10]. 
Remark 2.3. Since FittO(ΦπR) =
(
λlengthO(ΦπR )
)
, ordλ(ηπR) can be written in terms of
lengthO(ΦπR).
2.2. Local deformation conditions. For all places ℓ, let R(ℓ) be the local versal deforma-
tion ring of ρ|GQℓ relatively representing the deformation functor D(ℓ) corresponding to the
local Selmer condition Lℓ,1 ⊆ H
1(Qℓ, ad
0(ρ)). Then R(ℓ) has presentation
R(ℓ) ≃ OJx1, · · · , xrK/aℓ
where r = dimFLℓ,1. It is known that aℓ is bounded by H
2(Qℓ, ad
0(ρ)). Denote by gen(aℓ) the
(minimal) number of generators of aℓ.
We quickly review the useful local deformation problems (c.f. [Tay03, P1-P7], [CHT08,
Definition 2.2.2]) and discuss vanishing of aℓ. In [CHT08], the deformation problems are
considered without fixing determinants, but it does not cause any problem in our setting since
p > 2.
Although we explicitly write down the local Selmer conditions only for ad0(ρ) in this section,
they easily generalize to ad0(ρn) for all n ≥ 1.
2.2.1. Low weight crystalline.
Definition 2.4 (Low weight crystalline deformation). A deformation ρ|GQp is a low weight
crystalline deformation of ρ|GQp if ρ|GQp is crystalline at p with Hodge-Tate weights (0, k−
1) with 2 ≤ k ≤ p− 1.
Let H1f (Qp, ad
0(ρ)) := Lp,1 ⊆ H
1(Qp, ad
0(ρ)) be the local condition at p corresponding to
the low weight crystalline deformations via isomorphism (2.1). We omit the precise definition
of Lp,1. See [DFG04, §2.1], [CHT08, §2.4.1] for example. Following [DFG04, Corollary 2.3],
we have
dimFLp,1 = H
0(Qp, ad
0(ρ)) + 1.
Furthermore, ap = 0 by [CHT08, Lemma 2.4.1] (“liftable”).
2.2.2. Unramified. Let ℓ 6= p and assume that ρ|GQℓ is unramified; thus, p ∤ #ρ(Iℓ). Let Lℓ be
the local condition at ℓ corresponding to the deformation functor parametrizing all unramified
deformation of ρ|GQℓ . Then
H1ur(GQℓ , ad
0(ρ)) := Lℓ,1 = H
1(GQℓ/Iℓ, ad
0(ρ)Iℓ).
By [Tay03, E1], H2(GQℓ/(Iℓ ∩ ker(ρ)), ad
0(ρ)) = 0, so aℓ = 0.
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Lemma 2.5. Let ℓ be any prime (including p). Let M be a continuous discrete GQℓ-module
over O. For all n ≥ 1,
#H1(GQℓ/Iℓ,M [λ
n]Iℓ) = #H0(Qℓ,M [λ
n]).
Taking the direct limit, we have
corkO H1(GQℓ/Iℓ,M
Iℓ) = corkO H0(Qℓ,M).
Proof. Comparing the kernel and the cokernel of Frobℓ − 1 : M [λ
n]Iℓ → M [λn]Iℓ , we obtain
the conclusion. 
2.2.3. Unrestricted. Let ℓ be a prime not dividing p. It is easy to see that
Lℓ,1 = H
1(Qℓ, ad
0(ρ))
corresponds to the unrestricted deformations of ρv. By [Bo¨c07, Example 5.1.(i)], we have
dimFLℓ,1 − dimFH
1(Qℓ, ad
0(ρ))− gen(aℓ) ≥ 0.
2.2.4. Minimally ramified. Let ℓ be a prime dividing N(ρ). Following [DFG04, §3.1] and
[Lun16, §3.2], we have the following definition.
Definition 2.6. A deformation ρ|GQℓ of ρ|GQℓ to A ∈ CNLO is minimally ramified if it
satisfies:
(1) If p ∤ #ρ(Iℓ), then #ρ(Iℓ) = #ρ(Iℓ).
(2) If p | #ρ(Iℓ), then ρ|Iℓ has unramified quotient of rank one.
The corresponding Selmer local condition at ℓ is denoted by H1min(Qℓ, ad
0(ρ)) := Lℓ,1.
Suppose that p ∤ #ρ(Iℓ). Then the minimally ramified liftings coincide with unramified
liftings by [CHT08, Lemma 2.4.22]. By applying Lemma 2.5, dimFLℓ,1 = dimFH
0(Qℓ, ad
0(ρ)).
By applying [Tay03, E1] again, we have aℓ = 0.
Suppose that p | #ρ(Iℓ). Then the minimally ramified liftings coincide with [Tay03, E3].
The relevant definition and computation are given in the ℓ-new deformation case.
2.2.5. New. We closely follow [Tay03, E3]. Let ℓ be a prime 6= p.
Assumption 2.7. We assume one of the following conditions:
(1) ℓ 6≡ 1 (mod p) (and ρ|GQℓ is unramified), or
(2) p | #ρ(GQℓ) (and even p | #ρ(Iℓ)).
Definition 2.8. The first case corresponds to the type P in [Dia97b, §2] and its deformation
following [Tay03, E3] is called a ℓ-new deformation. The second case corresponds to the type
S in [Dia97b, §2] and its deformation following [Tay03, E3] is called a minimally ramified
deformation (of type (2) in Definition 2.6).
In any case, following [Dia97b, §2], there exists a choice of basis of F2 such that ρ|GQℓ
is equivalent to
(
χcyc ξ
0 1
)
up to twist by a character where ξ ∈ Z1(Qℓ,F(1)). Since the
universal deformation rings of equivalent representations up to a character twist are canoni-
cally isomorphic [Maz89, Proposition 1], we may assume ρ|GQℓ ∼
(
χcyc ξ
0 1
)
without loss of
generality.
We consider the collection of the deformations of the following form
(
χcyc ξ
0 1
)
. In order
to define the local condition Lℓ,1 ⊆ H
1(Qℓ, ad
0(ρ)) corresponding to the deformations, we first
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explicitly describe how ad0(ρ)|GQℓ looks like. It turns out that
ad0(ρ)|GQℓ ∼
χcyc −2ξ −ξ2χ−1cyc0 1 ξχ−1cyc
0 0 χ−1cyc
 .
Let M = ad0(ρ)|GQℓ ⊗ E/O be the associated discrete GQℓ-module under the above adjoint
action and consider GQℓ-stable filtration
0 (M2 (M1 (M0 =M.
Let ρn|GQℓ be the mod λ
n reduction of ρ|GQℓ and M [λ
n] be the λn-torsion of M . Note that
the ramification of ρn|GQℓ is completely controlled by the 1-cocycle ξ (mod λ
n). ad0(ρn|GQℓ )⊗
E/O ≃ ad0(ρ|GQℓ )⊗ λ
−nO/O. More explicitly, considering the equation
(2.2)
χcyc −2ξ −ξ2χ−1cyc0 1 ξχ−1cyc
0 0 χ−1cyc
ab
c
 =
χcyc · a− 2ξ · b− ξ2χ−1cyc · cb+ ξχ−1cyc · c
χ−1cyc · c
 ,
we can explicitly observe thatM2 is generated by
t
(
1 0 0
)
andM1 is generated by
t
(
1 0 0
)
and t
(
0 1 0
)
. Thus, we have H1(Qℓ,M2) ≃ H
1(Qℓ, E/O(1)). The local Selmer condition at
ℓ corresponding to the deformations above is defined by
H1new(Qℓ, ad
0(ρ)) = Lℓ,1 := Im
(
H1(Qℓ,M2[λ])→ H
1(Qℓ, ad
0(ρ))
)
⊆ H1(Qℓ, ad
0(ρ))
when ρ is unramified at ℓ. Even when ρ is ramified at ℓ, we also denote it by H1new(Qℓ, ad
0(ρ)) =
H1min(Qℓ, ad
0(ρ)) for convenience.
Lemma 2.9. Suppose that Lℓ,1 is the local Selmer condition corresponding to ℓ-new or mini-
mally ramified deformations as in Definition 2.8. Then
(1) dimFLℓ,1 = dimFH
1(Qℓ, ad
0(ρ)), and
(2) the versal deformation ring of ρ|GQℓ corresponding to Lℓ,1 is smooth over O, i.e. un-
obstructed.
Proof. See [Tay03, E3]. 
2.3. The deformation ring and the adjoint Selmer group. Putting all the local defor-
mation conditions discussed together, we define the following deformation ring.
Let Σ+ and Σ− be two finite sets of primes ℓ(6= p) such that Σ+ ∩ Σ− = ∅.
Definition 2.10 (Σ+-ramified Σ−-new deformation rings). Let DΣ−Σ be the deformation func-
tor satisfying the following local deformation conditions:
(1) The local deformation at p is low weight crystalline (Definition 2.4);
(2) At ℓ 6∈ Σ+ ∪ Σ−, the local deformation at ℓ is minimally ramified;
(3) At ℓ ∈ Σ+, the local deformation at ℓ is unrestricted;
(4) At ℓ ∈ Σ−, the local deformation at ℓ is new if ρ is unramified at ℓ.
(5) At ℓ ∈ Σ−, the local deformation at ℓ is minimally ramified if ρ is ramified at ℓ.
The deformation ring representing the functor DΣ
−
Σ+ is called the Σ
+-ramified Σ−-new de-
formation ring and denoted by RΣ
−
Σ+ , and denote by ρ
Σ−
Σ+ the corresponding representation.
If Σ− = ∅, we write RΣ+ = R∅Σ+ and ρΣ+ = ρ
∅
Σ+
.
Remark 2.11. The representability of DΣ
−
Σ+ is ensured by the argument in §2.1. See also
[Kha03,KR03] (depending on [RT97]), and [Yu18] for another description.
Let f be a newform such that ρf is a Σ
+-ramified Σ−-new deformation of ρ. Then we define
the adjoint Selmer group of f corresponding to the deformation problem following (2.1) as
follows. For notational convenience, write M = ad0(f)⊗ E/O.
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Definition 2.12. The Σ+-imprimitive Σ−-new adjoint Selmer group SelΣ
−
Σ+(Q,M) of
f is defined by the kernel of the natural restriction map
φΣ
−
Σ+ : H
1(QS∪Σ+∪Σ−/Q,M)→
H1(Qp,M)
H1f (Qp,M)
⊕
⊕
ℓ∈S\Σ+
H1(Qℓ,M)
H1min(Qℓ,M)
⊕
⊕
ℓ∈Σ−
H1(Qℓ,M)
H1new(Qℓ,M)
.
2.4. A presentation of the deformation ring. We summarize [Bo¨c07, §5] as follows. We
impose the following conditions.
(1) If ℓ does not divide p, then
dimFLℓ,1 − dimFH
0(Qℓ, ad
0(ρ))− gen(aℓ) ≥ 0.
(2) If we impose a suitable semistable assumption on deformations at p, then∑
v|p
(
dimFLp,1 − dimFH
0(Qp, ad
0(ρ))− gen(ap)
)
≥ 0.
Note that the condition at the infinite place is automatic since ρ is odd. If we further assume
that gen(ap) ≤ 1, then the global deformation ring with these local constraints is a complete
intersection. The precise statement is as follows.
Theorem 2.13 (Bo¨ckle). Let ρ : GQ → GL2(Fp) be an odd, continuous, and absolutely
irreducible Galois representation. We assume the following conditions.
(1) If ℓ does not divide p, then
dimFLℓ,1 − dimFH
0(Qℓ, ad
0(ρ))− gen(aℓ) ≥ 0.
(2) If ℓ = p, then ρ|GQp is low weight crystalline and(
dimFLp,1 − dimFH
0(Qp, ad
0(ρ))− gen(ap)
)
≥ 0.
(3) ρ satisfies Assumption 1.4.(TW).
Then the corresponding deformation ring R is a complete intersection over O, i.e.
R ≃ OJX1, · · · ,XnK/(f1, · · · fn)
for suitable fi ∈ OJX1, · · · ,XnK.
Proof. See [Bo¨c07, Corollary 4.3 and Theorem 5.8]. Note that H0(GQ,S , ad
0(ρ)∨) = 0 since ρ
satisfies Assumption 1.4.(TW). 
Corollary 2.14. The deformation ring RΣ
−
Σ+ is a complete intersection; thus, we have
RΣ
−
Σ+ ≃ OJX1, · · · ,XnK/(f1, · · · , fn)
Proof. Considering all the local deformation conditions in §2.2, the conclusion immediately
follows. 
2.5. A refined R = T theorem. The goal of this section is to prove the following theorem.
Theorem 2.15. Keep Assumption 1.4. Let N be a positive integer such that N(ρ) divides
N . Let Σ and Σ+ be two finite sets of primes ℓ(6= p) such that Pρ ⊆ Σ. Write Σ
− = Σ \ Σ+.
There exists an isomorphism
πΣ
−
Σ+ : R
Σ−
Σ+ ≃ T(N
+
ρ,Σ+
N−)N
−
mΣ+
of reduced finite flat complete intersections over O.
Before giving a proof, we recall two lemmas.
Lemma 2.16. Suppose that R ≃ OJX1, · · · ,XnK/(f1, · · · , fm) is a finite O-algebra with m ≤
n. Then m = n and R is a finite flat complete intersection.
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Proof. See [Lun16, Lemma 2.3]. 
Lemma 2.17. Suppose that R is a finite flat reduced O-algebra. Let R/a be a quotient of R
which is a finite flat O-algebra. Then R/a is reduced.
Proof. See [Lun16, Lemma 2.4]. 
Proof of Theorem 2.15. By Theorem 1.12, we have an isomorphism
πΣ : RΣ ≃ TΣ
of reduced finite flat complete intersections over O. Note that the reduced and finite flat
properties come from TΣ (c.f. [Dim09, §1.2 and Theorem 6.2]). Since R
Σ−
Σ+ is a quotient of RΣ,
RΣ
−
Σ+ is finite over O. By Corollary 2.14, R
Σ−
Σ+ is a complete intersection. Furthermore, the
flatness and the reducedness of RΣ
−
Σ+ follows from Lemma 2.16 and Lemma 2.17, respectively.
We explicitly construct the map
πΣ
−
Σ+ : R
Σ−
Σ+ → T(N
+
ρ,Σ+
N−)N
−
mΣ+
satisfying the commutative diagram
(2.3)
RΣ
πΣ
Thm. 1.12
//

TΣ
≃
Lem. 1.8
// T(Nρ,Σ)mΣ

T(N+
ρ,Σ+
N−)mΣ+

RΣ
−
Σ+
πΣ
−
Σ+
// T(N+
ρ,Σ+
N−)N−mΣ+
and show that it is an isomorphism.
Suppose that there is an O-algebra morphism α : RΣ
−
Σ+ → O
′ where O′ is a domain of char-
acteristic zero and the corresponding deformation is denoted by ρ′. By making the following
composition
(2.4) T(Nρ,Σ)mΣ
π−1Σ
≃
// RΣ // // R
Σ−
Σ+
α
// O′,
there exists a newform g of level dividing Nρ,Σ and ρ
′ and ρg are obviously equivalent.
Let ℓ be a prime dividing N− not dividing N(ρ). Since ρ′|GQℓ is a ℓ-new deformation at ℓ,
we have
tr ρ′(Frobℓ) = ±ℓ
k−2
2 (ℓ+ 1).
By considering the Ramanujan-Petersson bound (at good primes), it is easy to see that ρ′ is
ramified at all primes dividing N−. Thus, g is new at all primes dividing N− and the map
(2.4) factors through T(N+
ρ,Σ+
N−)N−mΣ+ and we obtain a map β : T(N
+
ρ,Σ+
N−)N−mΣ+ → O
′. The
universality of RΣ
−
Σ+ induces the surjective map map
πΣ
−
Σ+ : R
Σ−
Σ+ → T(N
+
ρ,Σ+
N−)N
−
mΣ+
such that α = β ◦ πΣ
−
Σ+ . Since α = β ◦ π
Σ−
Σ+ , we have the bijection between
• the characteristic zero minimal prime ideals of RΣ
−
Σ+ and
• the characteristic zero minimal prime ideals of T(N+
ρ,Σ+
N−)N−mΣ+ .
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We now claim the injectivity of πΣ
−
Σ+ . Due to the bijection between minimal primes above,
the kernel of πΣ
−
Σ+ is contained in the intersection of all the characteristic zero minimal prime
ideals of RΣ
−
Σ+ . In other words,
ker(πΣ
−
Σ+ ) ⊆
⋂
min
char 0
℘.
Here,
⋂
min
char 0
means that ideal ℘ runs over the set of minimal ideals of RΣ
−
Σ+ of characteristic
zero. Since O → RΣ
−
Σ+ is finite flat, a uniformizer λ of O maps to a non-zero divisor of R
Σ−
Σ+ .
Thus, any minimal prime ℘ does not contain λ. Thus, we obtain the conclusion due to the
reduced property of RΣ
−
Σ+ . 
Remark 2.18. In (2.3), one may expect the existence of the deformation ring “RΣ
−-ss
Σ+ ”
isomorphic to T(N+
ρ,Σ+
N−)mΣ+ . If so, the following diagram would commute:
RΣ
πΣ
Thm. 1.12
//

TΣ
≃
Lem. 1.8
// T(Nρ,Σ)mΣ

“RΣ
−-ss
Σ+ ”

≃
// T(N+
ρ,Σ+
N−)mΣ+

RΣ
−
Σ+
πΣ
−
Σ+
// T(N+ρ,Σ+N
−)N−mΣ+ .
However, it looks impossible to impose the right local deformation condition at primes dividing
N− (unless ρ is ramified at all primes dividing N−) since the local deformation condition at
unramified primes dividing N− should include both unramified and new deformations. This
is also pointed out in [Dum15, §9].
3. Relative computation of adjoint Selmer groups
3.1. Preliminaries on Galois cohomology. Let T be a free O-module of rank d endowed
with continuous action of GQ and S a finite set of places of Q containing p, ∞, and the
ramified primes for T . Denote by QS the maximal extension of Q unramified outside S and
let GQ,S := Gal(QS/Q). In other words, we have a continuous d-dimensional integral Galois
representation
ρ : GQ,S → GLd(O) ≃ AutO(T ).
Let A = T ⊗O E/O be the associated discrete Galois module. For a Selmer structure L =
(Lℓ)ℓ∈S with Lℓ ⊆ H1(Qℓ, A), we define the (discrete) Selmer group of A with respect
to L by
SelL(GQ,S , A) := ker
(
φL : H1(GQ,S , A)→
∏
ℓ∈S
H1(Qℓ, A)
Lℓ
)
The Tate local duality gives us the non-degenerate pairing
H1(Qℓ, A)×H
1(Qℓ, T
∗)→ E/O
where T ∗ := Hom(A,E/O(1)). For a Selmer structure L for S and A, we define the dual
Selmer structure L∗ = (L∗ℓ )ℓ∈S for S and T
∗ by L∗ℓ := L
⊥
ℓ under the pairing. Then we define
the dual (compact) Selmer group of T ∗ with respect to L∗ by
SelL∗(GQ,S , T ∗) := ker
(
φL∗ : H1(GQ,S, T ∗)→
∏
ℓ∈S
H1(Qℓ, T
∗)
L∗ℓ
)
.
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The comparison between two Selmer groups sometimes reduces to the comparison of local
conditions under the surjectivity of the global-to-local map defining the smaller Selmer group.
Proposition 3.1. Let L and N be two Selmer structures for S and A. If Lℓ ⊆ Nℓ for all
ℓ ∈ S, then
H1L(GQ,S , A) ⊆ H
1
N (GQ,S , A).
If we further assume that φL is surjective, then we have
H1N (GQ,S, A)
H1L(GQ,S , A)
≃
∏
ℓ∈S
Nv
Lv
.
Proof. It immediately follows from the definition. See [GV00, Corollary 2.3]. 
The following proposition is the direct limit version of the formula of Greenberg-Wiles
[Wil95, Proposition 1.6], which is an application of the Poitou-Tate exact sequence with the
Selmer structure. See also [Lun16, Lemma 2.6].
Proposition 3.2. Let L is a Selmer structure for S and A. Then SelL(GQ,S , A) is cofinitely
generated and SelL∗(GQ,s, T ∗) is finitely generated as O-modules. Moreover, we have an equal-
ity
corkO H1L(GQ,S , A)− rkO H
1
L∗(GQ,S , T
∗)
= corkO H0(GQ,S , A)− rkO H0(GQ,S , T ∗) +
∑
ℓ∈S
(
corkO Lℓ − corkO H0(Qℓ, A)
)
.
In order to have the surjectivity of the global-to-local map defining Selmer groups, the
local conditions should be “well-balanced” as follows. This is [Lun16, Proposition 2.7] and we
include the proof for the completeness.
Proposition 3.3. Assume that A[λ] and T ∗/λT ∗ are irreducible as GQ,S-modules. If SelL(GQ,S , A)
is finite, and ∑
ℓ∈S
corkO Lℓ =
∑
ℓ∈S
corkO H0(Qℓ, A),
then the global-to-local map φL is surjective.
Proof. By Proposition 3.2, the finiteness of H1L(GQ,S, A) implies rkO H
1
L∗(GQ,S , T
∗) = 0, so
H1L∗(GQ,S , T
∗) is also finite. Thus, H1L∗(GQ,S , T
∗) is contained in theO-torsion of H1(GQ,S, T ∗).
Due to the irreducibility assumption, H1(GQ,S , T
∗) is torsion free as an O-module following
the argument in [Gre10, §2.2]. Thus, H1L∗(GQ,S, T
∗) = 0. By [Gre10, Proposition 3.1.1], φL is
surjective. 
3.2. Local computation. We quickly recall some materials in §2.2.5. Let f be a newform
such that ρf ≃ ρ such that ρ|GQℓ is an ℓ-new deformation of ρ|GQℓ . More explicitly, ρ|GQℓ is
unramified but ρ|GQℓ ramified and is twist-equivalent to(
χcyc ξ
0 1
)
where ξ ∈ Z1(Qℓ,O(1)). Then ad
0(ρ)|GQℓ is equivalent toχcyc −2ξ −ξ2χ−1cyc0 1 ξχ−1cyc
0 0 χ−1cyc

Let M = ad0(ρ)|GQℓ ⊗ E/O with GQℓ-stable filtration
0 (M2 (M1 (M0.
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More explicitly, recall the equation (2.2)χcyc −2ξ −ξ2χ−1cyc0 1 ξχ−1cyc
0 0 χ−1cyc
ab
c
 =
χcyc · a− 2ξ · b− ξ2χ−1cyc · cb+ ξχ−1cyc · c
χ−1cyc · c
 .
Since M2 is generated by
t
(
1 0 0
)
and M1 is generated by
t
(
1 0 0
)
and t
(
0 1 0
)
, we
have the following computation
H0(Qℓ,M2[λ
n]) ≃ λ−sO/O
H0(Qℓ,M0[λ
n]) ≃ λ−sO/O ⊕ λ−tO/O ⊕ λ−min(s,t)O/O
H0(Qℓ,M0[λ
n]/M2[λ
n]) ≃ λ−nO/O ⊕ λ−min(s,t)O/O
(3.1)
for n >> 0 where
• s is the largest integer such that χcyc(g)c ≡ c (mod λ
s), i.e. s = ordλ(ℓ− 1), and
• t is the largest integer such that ρt|GQℓ is semi-simple, i.e. t = tf (ℓ) (Definition 1.15).
Since the cohomological dimension of GQℓ/Iℓ is one, the inflation-restriction sequence yields
the exact sequence
0 // H1(GQℓ/Iℓ,M
Iℓ
2 )
// H1(Qℓ,M2) // H
1(Iℓ,M2)
GQℓ/Iℓ // 0.
Here, we have
H1(GQℓ/Iℓ,M
Iℓ
2 ) ≃M
Iℓ
2 /(Frobℓ − 1)M
Iℓ
2
≃M2/(Frobℓ − 1)M2
≃ 0
where the first isomorphism follows from that GQℓ/Iℓ is topologically generated by Frobℓ, the
second isomorphism follows from M Iℓ2 = M2 (since ℓ 6= p), and the last isomorphism follows
from that Frobℓ − 1 acts on M2 as multiplication by ℓ− 1 and M2 is divisible. Thus, we have
H1(Qℓ,M2) ≃ H
1(Iℓ,M2)
GQℓ/Iℓ . Since Iℓ acts on M2 trivially, we have
H1(Qℓ,M2) ≃ H
1(Iℓ,M2)
GQℓ/Iℓ
≃ HomGQℓ/Iℓ
(Iℓ,M2)
≃ HomGQℓ/Iℓ
(Zp(1), E/O(1))
≃ HomGQℓ/Iℓ
(O(1), E/O(1))
≃ HomO(O, E/O)
≃ E/O
(3.2)
From the short exact sequence
0 // M2 // M0 // M0/M2 // 0,
we obtain the exact sequence
0 // H0(Qℓ,M2) // H
0(Qℓ,M0) // H
0(Qℓ,M0/M2)
δ
// H1(Qℓ,M2) // H
1(Qℓ,M0).
By counting the size of each term as in (3.1) and (3.2), the connecting map δ becomes the
multiplication by λt on E/O (up to a unit), which is surjective. Thus, the image of H1(Qℓ,M2)
in H1(Qℓ,M0) vanishes. It proves Proposition 3.4.(1) below.
Recall the inflation-restriction sequence
0 // H1(GQℓ/Iℓ,M
Iℓ
0 )
// H1(Qℓ,M0) // H
1(Iℓ,M0)
GQℓ/Iℓ // 0.
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Note that the action of Iℓ on M0 factors through the tame quotient I
t
ℓ. Thus, we have
H1(Iℓ,M0) ≃ H
1(Itℓ ,M0) ≃M0/(τ − 1)M0
where τ is a topological generator of Itℓ . By using Equation (2.2), we check (τ − 1)M0 =M1.
Therefore, H1(Iℓ,M0) ≃M2/M1 ≃ E/O(−1). Finally, we have
H1(Iℓ,M0)
GQℓ/Iℓ ≃ λ−sO/O.
Note that
H1(GQℓ/Iℓ,M
Iℓ
0 ) ≃M
Iℓ
0 /(Frobℓ − 1)M
Iℓ
0 .
Then by using Equation (3.1) again, we have
M Iℓ0 ≃ E/O(1) ⊕ λ
−tO/O ⊕ λ−tO/O(−1)
as GQℓ/Iℓ-modules. Thus, we also have
(Frobℓ − 1)M
Iℓ
0 ≃ (ℓ− 1)E/O ⊕ 0⊕ (ℓ
−1 − 1)λ−tO/O
≃ E/O ⊕ 0⊕ λs−tO/O.
Thus, H1(GQℓ/Iℓ,M
Iℓ
0 ) ≃ λ
−tO/O ⊕ λ−min(s,t)O/O, so Proposition 3.4.(2) below follows.
Proposition 3.4. Let f be a newform such that ρf ≃ ρ such that ρ|GQℓ is an ℓ-new deforma-
tion of ρ|GQℓ . Then we have the following statements:
(1) The local condition
Lℓ = Im
(
H1(Qℓ,M2)→ H
1(Qℓ, ad
0(f)⊗ E/O)
)
vanishes.
(2) H1(Qℓ, ad
0(f)⊗ E/O)) is a non-trivial finite O-module and
lengthOH
1(Qℓ, ad
0(f)⊗ E/O)) = ordλ(ℓ− 1) + tf (ℓ) + min(ordλ(ℓ− 1), tf (ℓ)).
Corollary 3.5. Keep all the assumptions of Proposition 3.4. If we further assume that ℓ 6≡ 1
(mod p) for all primes ℓ dividing N−/N(ρ)−, then
lengthOH
1(Qℓ, ad
0(f)⊗ E/O)) = tf (ℓ).
3.3. Global computation. Let πfΣ : T(Nρ,Σ/r)→ O be the map associated to f
Σ as defined
in §1.2. Let
• ℘fΣ = ker πfΣ ,
• ΦfΣ the cotangent space at ℘fΣ , and
• ηfΣ(Nρ,Σ/r) the congruence ideal.
Then we have
ordληfΣ(Nρ,Σ/r) = lengthOΦfΣ
= lengthOSelΣ(Q, ad
0(f)⊗ E/O)
where the first equality follows from Theorem 1.12, Proposition 2.2, and Remark 2.3 and the
second equality follows from (2.1).
Let πN
−
fΣ+
: T(N+
ρ,Σ+
/r ·N−)N−mΣ+ → O be the N
−-new quotient map and fΣ+ as defined in
proof of Theorem 2.15. Let
• ℘N
−
fΣ+
= ker πN
−
fΣ+
,
• ΦN
−
fΣ+
the cotangent space at ℘N
−
fΣ+
, and
• η
fΣ+
(N+
ρ,Σ+
/r,N−) the congruence ideal.
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Then we have
ordληfΣ+ (Nρ,Σ+/r,N
−) = lengthOΦ
N−
fΣ+
= lengthOSel
Σ−
Σ+(Q, ad
0(f)⊗ E/O)
where the first equality follows from Proposition 2.2, Remark 2.3, and Theorem 2.15 and the
second equality follows from (2.1).
Now it suffices to compute the difference between SelΣ
−
Σ+(Q, ad
0(f)⊗E/O) and SelΣ(Q, ad
0(f)⊗
E/O). Note that
SelΣ
−
Σ+(Q, ad
0(f)⊗ E/O) ⊆ SelΣ(Q, ad
0(f)⊗ E/O).
Consider the following “small” Selmer group SelL(Q, ad0(f)⊗ E/O) satisfying
• Lp = H
1
ur(Qp, ad
0(f)⊗E/O),
• Lℓ = H
1
min(Qℓ, ad
0(f)⊗ E/O) if ℓ 6∈ Σ+ ∪Σ− ∪ {p},
• Lℓ = H
1
new(Qℓ, ad
0(f)⊗ E/O) if ℓ ∈ Σ−, and
• Lℓ = H
1
ur(Qℓ, ad
0(f)⊗ E/O) if ℓ ∈ Σ+.
Then we have
SelL(Q, ad0(f)⊗ E/O) ⊆ SelΣ
−
Σ+(Q, ad
0(f)⊗E/O) ⊆ SelΣ(Q, ad
0(f)⊗ E/O)
and φL is surjective by Proposition 3.3 and the properties of local deformation conditions in
§2.2. By Proposition 3.1, we have
SelΣ
−
Σ+(Q, ad
0(f)⊗ E/O)
SelL(Q, ad0(f)⊗ E/O)
≃
H1f
H1ur
×
∏
ℓ∈Σ+
H1
H1ur
,
SelΣ(Q, ad
0(f)⊗ E/O)
SelL(Q, ad0(f)⊗ E/O)
≃
H1f
H1ur
×
∏
ℓ∈Σ+
H1
H1ur
×
∏
ℓ∈Σ−
H1
H1new
where H1f , H
1
ur, H
1, and H1new are obvious abbreviations. Thus, we have
SelΣ(Q, ad
0(f)⊗ E/O)
SelΣ
−
Σ+(Q, ad
0(f)⊗ E/O)
≃
∏
ℓ∈Σ−
H1
H1new
≃
∏
ℓ∈Σ−
H1
where the last isomorphism follows from Proposition 3.4.(1). Combining all the results, we
have
ordληfΣ(Nρ,Σ/r)− ordληfΣ+ (N
+
ρ,Σ+
/r ·N−)
= lengthOSelΣ(Q, ad
0(f)⊗ E/O)− lengthOSel
Σ−
Σ+(Q, ad
0(f)⊗ E/O)
=
∑
ℓ∈Σ−
lengthOH
1(Qℓ, ad
0(f)⊗E/O)
and Theorem 1.16 follows from Proposition 3.4.(2) and Corollary 3.5.
4. Congruence ideals and adjoint L-values
The goal of this section is to prove Proposition 1.18 (the second correction).
4.1. Adjoint L-functions. Let f ∈ Sk(Γ0(N)) be a newform. Then the L-function of f is
defined by
L(f, s) :=
∏
ℓ∤N
(1− aℓ(f)p
−s + pk−1−2s)−1 ·
∏
ℓ|N
(1− aℓ(f)p
−s)−1
and note that the Euler factor Lℓ(f, s) at ℓ ∤ N is
(1− aℓ(f)p
−s + pk−1−2s)−1 = (1− αℓ(f)p−s)−1 · (1− βℓ(f)p−s)−1.
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For a prime ℓ (6= p), we recall
c0(ℓ) := ordℓ(N), d0(ℓ) := dimE H
1(Iℓ, Vf ).
Then we have
d0(ℓ) =
 2 if ℓ ∤ N,1 if ℓ | N and aℓ(f) 6= 0,
0 if ℓ | N and aℓ(f) = 0.
If d0(ℓ) = 2, then
Lℓ(ad
0(f), s) :=
(
1−
αℓ(f)
βℓ(f)
p−s
)−1
· (1− ℓ−s)−1 ·
(
1−
βℓ(f)
αℓ(f)
p−s
)−1
.
If d0(ℓ) = 1, then
Lℓ(ad
0(f), s) :=
{
(1− ℓ−1−s)−1 if πℓ(f) is special,
(1− ℓ−s)−1 if πℓ(f) is principal series
where πℓ(f) is the local automorphic representation attached to f at ℓ. We omit the definition
of Lℓ(ad
0(f), s) when d0(ℓ) = 0, but note that it may not be 1 in general (“the exceptional
set for f” c.f. [DFG04, §1.7.2 and §1.8.1]). For the exact calculation of congruence ideals, we
modify Euler factors as follows:
Lnvℓ (ad
0(f), s) :=
{
Lℓ(ad
0(f), s) if d0(ℓ) > 0,
1 if d0(ℓ) = 0.
4.2. Cohomology congruence ideals and their variants. We quickly review cohomology
congruence ideals following [DDT97, §4.4], [Dia97a], and [DFG04, §1.7.3].
Let k be an integer with 2 ≤ k < p. Let T(N) be the full Hecke algebra faithfully acting
on MN = H
1
e´t,c(Y1(N)Q,F
k
p ) and m the non-Eisenstein maximal ideal of T(N) corresponding
to ρ.
Let MN,m = H
1
e´t,c(Y1(N)Q,F
k
p )m be the localization of MN at m. This is the p-adic
realization of the premotivic structure of the cuspforms of weight k and level N localized at
m following [DFG04]. Note that we do not care too much about the compactly supported or
parabolic cohomologies since m is non-Eisenstein.
The cup product and Poincare` duality on Betti cohomology and the comparison between
Betti and e´tale cohomologies imply that there exists an alternating and non-degenerate pairing
MN,m ×MN,m // E
(x, y) ✤ // x ∪ w · y
where w is the Atkin-Lehner involution, and we denote the image of the pairing by
L := ∧2MN,m ⊆ E.
We normalize L = O for convenience. Then the pairing
(4.1) MN,m ×MN,m → O
is perfect, and we define the cohomology congruence ideal of f by the image of the pairing
δf (N) := ∧
2MN,m[℘f ] ⊆ O.
In order to identify congruence ideals and cohomology congruence ideals, we need the following
freeness result.
Proposition 4.1. Suppose that m is non-Eisenstein. Then
(1) (MN,m ⊗O F)[m]∨ ≃ F⊕2 where (−)∨ = HomF(−,F).
(2) T(N)m is Gorenstein.
(3) MN,m is free over T(N)m of rank two.
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Proof. The first two statements are [FJ95, Theorem 2.1]. See also [Vat99, Theorem 1.13]. The
third statement follows from the first two statements, Nakayama’s lemma, and the flatness of
T(N)m. See [Til97] for detail. 
Remark 4.2. The freeness obtained from the Taylor-Wiles system argument requires that
the level should be of the form Nρ,Σ for some Σ. See [Dia97c, Theorem 3.4].
Let aN
−
= ker(T(N)m → T(N)
N−
m ) and we define
MN
−
N,m :=MN,m[a
N− ].
Lemma 4.3. Suppose that m is non-Eisenstein. The quotientMN,m/
(
MN,m[a
N− ]
)
is torsion-
free.
Proof. By Proposition 4.1.(3), we have
MN,m/
(
MN,m[a
N− ]
)
≃
(
T(N)m/
(
T(N)m[a
N− ]
))⊕2
.
By the Gorenstein property of T(N)m (Proposition 4.1.(2)), we have(
T(N)m/
(
T(N)m[a
N− ]
))⊕2
≃
(
HomO(T(N)m,O)/
(
HomO(T(N)m,O)[aN
−
]
))⊕2
≃
(
HomO(T(N)m,O)/
(
HomO(T(N)N
−
m ,O)
))⊕2
.
Suppose that the last one has an O-torsion. In other words, there exists an O-algebra map
φ : T→ O such that
• φ does not factors through T(N)N
−
m and
• λn · φ factors through T(N)N
−
m for some n ≥ 1.
However, if λn · φ(a) = 0 in O, then φ(a) = 0. 
Corollary 4.4. Suppose that m is non-Eisenstein and Sk(Γ0(N))
N−
m 6= 0. Then M
N−
N,m is free
over T(N)N
−
m of rank two and T(N)
N−
m is Gorenstein.
Proof. By Lemma 4.3, we have
MN
−
N,m ⊗O F ⊆MN,m ⊗O F.
Since Sk(Γ0(N))
N−
m 6= 0, we have
0 6=
(
MN
−
N,m ⊗O F
)
[m] ⊆ (MN,m ⊗O F) [m] ≃ F⊕2
and all are even dimensional. Thus, we have
(
MN
−
N,m ⊗O F
)
[m] ≃ F⊕2. Note that MN−N,m is
free over O and dimE
(
MN
−
N,m ⊗O E
)
= 2 ·dimE
(
T(N)N
−
m ⊗O E
)
. Thus,MN
−
N,m is free of rank
two over T(N)N
−
m . The Gorenstein property immediately follows from the freeness. 
Remark 4.5. Note that we work in the subspace of classical modular forms here; thus, we do
not assume any condition on N− here. If we use modular forms on Shimura curves or Hida
varieties attached to the quaternion algebra of discriminant N− via the Jacquet-Langlands
correspondence, then we should assume ℓ 6≡ ±1 (mod p) for all residually unramified prime ℓ
dividing N− at least. See Assumption 5.3, for example.
From the perfect pairing (4.1), we have a perfect pairing
MN,m[a
N− ]×MN,m ⊗T(N)m T(N)
N−
m → O.
By Corollary 4.4, the perfect pairing can be written as
(4.2) MN
−
N,m ×M
N−
N,m → L
N−
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where LN
−
:= ∧2MN
−
N,m = λ
t(N+,N−)O for some t(N+, N−) (comparing with L = O). Then
we define the N−-new cohomology congruence ideal of f by
δf (N
+, N−) := λ−t(N
+,N−) · δf (N).
Consider the map
γ :MN,m →MNΣ,m
defined in [DFG04, §1.7.3]. Under the comparison between de Rham and e´tale cohomolo-
gies, this map corresponds to the map f 7→ fΣ in the de Rham side. Then we define the
cohomology congruence ideal of fΣ by
δfΣ(N
Σ) := ∧2MNΣ,m[℘fΣ ] ⊆ LΣ := ∧
2MNΣ,m = O
where the last identification is the normalization of LΣ as before.
Proposition 4.6. Suppose that ρ is irreducible. Then
δfΣ(N
Σ) = δf (N) ·
∏
ℓ∈Σ
Lnvℓ (ad
0(f), 1)−1.
Proof. See [DFG04, Proposition 1.4.(c)]. 
Decompose N = N+ ·N− and suppose that Σ+ = Σ does not contain any divisor of N−.
Consider the restriction of γ to the N−-new parts
γN
−
:MN
−
N,m →M
N−
NΣ,mΣ .
Let LN
−
Σ := ∧
2MN
−
NΣ,mΣ
= λ
t(N+
ρ,Σ+
/r,N−)
O ⊆ LΣ = O for some t(N
+
ρ,Σ+
/r,N−). In the same
manner, we define the N−-new cohomology congruence ideal of fΣ+ by
δ
fΣ+
(N+
ρ,Σ+
/r,N−) := λ−t(N
+
ρ,Σ+
/r,N−)
· δ
fΣ+
(N+
ρ,Σ+
/r ·N−).
Corollary 4.7. Suppose that ρ is irreducible. Then
δ
fΣ+
(N+
ρ,Σ+
/r,N−) = δf (N+, N−) ·
∏
ℓ∈Σ+
Lnvℓ (ad
0(f), 1)−1.
Thus, t(N+
ρ,Σ+
/r,N−) = t(N+, N−).
Proof. The same proof as in [DFG04, Proposition 1.4.(c)] directly works. 
Remark 4.8.
(1) Indeed, t(N+, N−) becomes
∑
q|N− tf (q) at the end under our assumptions. Thus,
t(N+
ρ,Σ+
/r,N−) = t(N+, N−) can be expected easily.
(2) Cohomology congruence ideals are stable under base change. See [DFG04, §1.7.3].
Corollary 4.9. Suppose that m is non-Eisenstein.
(1) δf (N) = ηf (N), and
(2) δf (N
+, N−) = ηf (N+, N−).
Proof. See [DDT97, Lemma 4.17], c.f. [Dia97a, Lemma 3.1]. 
Thus, Proposition 1.18 immediately follows.
5. Comparison with Gross periods
We recall [CH18, §6] with some modifications. Let f ∈ Sk(Γ0(N)) be a newform as in
Theorem 1.3. We keep the following assumption in this section.
Assumption 5.1. Assume that N− be the square-free product of an odd number of primes.
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5.1. Quaternionic modular forms. Let B be the definite quaternion algebra over Q of
discriminant N− and R an Eichler order of level N+. Let fB be the Jacquet-Langlands
transfer of f , i.e. continuous function
fB : B
×\B̂×/R̂(p),× → Symk−2(E2)
such that fB(a · g · r) = r
−1 ◦ fB(g) for a ∈ B× and r ∈ R×p ≃ GL2(Zp) and the Hecke
eigenvalues of f and fB are same at all primes not dividing N
−. The space of such functions
quotient by the constant function is denoted by SN
−
k (R,E).
We recall the following simple form of the Jacquet-Langlands correspondence.
Theorem 5.2. There exists a non-canonical isomorphism
Sk(Γ0(N), E)
N− ≃ SN
−
k (R,E)
of Hecke modules with identification TN
−
(N+)⊗ C ≃ T(N)N
−
⊗ C.
Proof. See [Hid06, Theorem 2.30 in §2.3.6] for this form of the correspondence. Indeed, the
isomorphism should be understood as the one-to-one correspondence between Hecke eigensys-
tems. 
We integrally normalize each quaternionic modular form fB by its mod p non-vanishing
of the values of fB as in [CH18, §4.1] as well as the space of classical modular forms by the
q-expansion. Using these two integral structures, we are able to identify
Sk(Γ0(N),O)
N− ≃ SN
−
k (N,O)
as TN
−
(N+) ≃ T(N)N
−
-modules; however, this identification itself is ad hoc. It will have a
precise meaning after having the freeness of the quaternionic Hecke modules (Theorem 5.5).
5.2. Quaternionic congruence ideals and Gross periods. Consider the perfect pairing
(5.1) 〈−,−〉N : S
N−
k (N,O)× S
N−
k (N,O)→ O
defined in [CH18, (6.1)]:
〈fB , gB〉N :=
∑
[b]
〈fB(b), gB(bw)〉k ·
(
#(B× ∩ bR̂×b−1Q̂×)/Q×
)−1
where w is the Atkin-Lehner operator for level N+, [b] runs over B×\B̂×/R̂×Q̂×, and 〈−,−〉k :
Symk−2(O)× Symk−2(O)→ O is the perfect pairing defined in [CH18, §2.3].
Let ξfB (N
+, N−) be the quaternionic analogue of the cohomology congruence ideal for fB
using the above pairing (5.1) as in [PW11, §2.1] and [CH18, (3.9) and (4.3)].
The Hida’s canonical period for f is defined by
Ωf :=
(4π)k〈f, f〉Γ0(N)
ηf (N)
and the Gross period for f is defined by
ΩN
−
f :=
(4π)k〈f, f〉Γ0(N)
ξfB(N
+, N−)
where 〈−,−〉Γ0(N) is the Petersson inner product.
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5.3. The freeness of quaternionic Hecke modules and the comparison of periods.
Assumption 5.3 (CR+). Suppose that ρ satisfies Assumption 1.4. Let f be a newform of
weight k and level Γ0(N) with decomposition N = N
+N− such that
(1) ρf ≃ ρ,
(2) 2 ≤ k < p− 1 and p ∤ N ,
(3) p, N+, and N− are pairwisely relatively prime,
(4) N− is square-free,
(5) If q divides N− and q ≡ ±1 (mod p), then q divides N(ρ),
(6) If q divides N+ exactly and q ≡ 1 (mod p), then q divides N(ρ), and
(7) (N(ρ), N/N(ρ)) = 1.
Remark 5.4. Assumption 5.3 is more strict than the assumptions in Theorem 1.3.
Theorem 5.5. Under Assumption 5.3, SN
−
k (N,O)m is a free T
N−(N)m-module of rank one.
Proof. See [CH18, Proposition 6.8]. 
Remark 5.6.
(1) In [CH18, (D3) in §6.2], the ordinary deformation condition at p is considered only;
however, it seems that the replacement of the ordinary deformation condition by the
low weight crystalline deformation condition does not affect any of result in [CH18, §6].
(2) Considering the local deformation condition at a prime q exactly dividing N/N(ρ) as
in [CH18, (D4) in §6.2], the tame level N+
ρ,Σ+
in the Taylor-Wiles system argument
can be directly chosen as N+ under Assumption 5.3.(6).
The following corollary is immediate due to Theorem 5.2 and [DDT97, Lemma 4.17].
Corollary 5.7. Under Assumption 5.3,
ηf (N
+, N−) = ξfB(N
+, N−).
The following corollary generalizes [CH18, Proposition 6.1].
Corollary 5.8. Under Assumption 5.3, we have the following equality
ordλ(Ω
N−
f /Ωf ) = ordλ(
ηf (N)
ηf (N+, N−)
) =
∑
q|N−
tf (q).
6. Anticyclotomic µ-invariants of modular forms
The goal of this section is to prove the µ-part of the anticyclotomic main conjecture for
modular forms of higher weight as an application of Corollary 5.8 (so of Theorem 1.3). We
only give a sketch of the argument here. See [PW11,CH15,CH18] for details.
We keep Assumption 5.1 and Assumption 5.3 in this section.
Let K be an imaginary quadratic field such that (disc(K), Np) = 1 such that
• if a prime ℓ divides N−, then ℓ is inert in K, and
• if a prime ℓ divides N+, then ℓ splits in K.
Assumption 6.1. Assume that f is ordinary at p and ap(f) 6≡ ±1 (mod p).
Following [PW11, CH18], we are able to define two slightly different anticyclotomic p-adic
L-functions Lp(K∞, f) and Lp(K∞, f) of (f,K∞/K) in Λ = OJGal(K∞/K)K relative to the
Gross period and the Hida’s canonical period, respectively. Then we have
Lp(K∞, f) = Lp(K∞, f) ·
ηf (N)
ξfB (N
+, N−)
.
25
Let A∗f be the central critical twist of Af . The minimal Selmer group Sel(K∞, A
∗
f ) is defined
as the kernel of the map
H1(K∞, A∗f )→
∏
w∤p
H1(K∞,w, A∗f )×
∏
w|p
H1(K∞,w, A∗f )
H1ord(K∞,w, A
∗
f )
and the Greenberg Selmer group Sel(K∞, A∗f ) is defined as the kernel of the map
H1(K∞, A∗f )→
∏
w∤p
H1(I∞,w, A∗f )×
∏
w|p
H1(K∞,w, A∗f )
H1ord(K∞,w, A
∗
f )
where w runs over all places of K∞, I∞,w is the inertia subgroup at w and H1ord is the standard
ordinary condition.
For Λ-module M = Sel(K∞, A∗f ) or Sel(K∞, A
∗
f ), we denote by µ(M) and λ(M) by the
µ-invariant and the λ-invariant of the characteristic ideal of the Pontryagin dual of M , respec-
tively.
Proposition 6.2 (Pollack-Weston). Under Assumption 5.3, we have
λ(Sel(K∞, A∗f )) = λ(Sel(K∞, A
∗
f ))
and
µ(Sel(K∞, A∗f )) = µ(Sel(K∞, A
∗
f )) +
∑
q|N−
tf (q).
Proof. This is [PW11, Corollary 5.2]. 
Theorem 6.3 (Chida-Hsieh). Under Assumption 5.3 and Assumption 6.1, we have
µ(Lp(K∞, f))) = µ(Sel(K∞, A∗f )) = 0.
Proof. See [CH18, Theorem C] and [CH15, Corollary 1] with an enhancement by [KPW17]. 
By Corollary 5.8, the µ-part of the anticyclotomic Iwasawa main conjecture for f immedi-
ately extends to Greenberg Selmer groups.
Corollary 6.4. Under Assumption 5.3 and Assumption 6.1, we have
µ(Lp(K∞, f)) = µ(Sel(K∞, A∗f )) =
∑
q|N−
tf (q).
Remark 6.5. This is a higher weight generalization of [PW11, Theorem 6.9]. It seems possible
to prove the supersingular analogue of Corollary 6.4 when ap(f) = 0 as in [PW11], but we
omit it.
7. Comparison with integral periods of Shimura curves
Let f ∈ Sk(Γ0(N)) be a newform as in Theorem 1.3.
Assumption 7.1. Assume that N− be the square-free product of an even number of primes.
Let B be the indefinite quaternion algebra over Q of discriminant N− and fB the Jacquet-
Langlands transfer of f .
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7.1. An integrality of automorphic forms and the freeness of the Hecke modules.
An integral normalization of fB is much more delicate than the definite case since the geometry
of Shimura curves is substantially involved. Note that the normalization via the q-expansion
is also not available due to the lack of cusps. In [Pra06], fB is integrally normalized by
considering the minimal regular model of the corresponding Shimura curve over Zp. It can
also be checked by considering the values of fB at CM points via [Pra06, Proposition 2.9]. We
assume the integrality in this section.
Assumption 7.2. The Jacquet-Langlands transfer fB of f is integrally normalized in the
sense of [Pra06].
Let XN
−
(N+) be the Shimura curve of level N+ and discriminant N− over Q and
M′N+,m := H
1
e´t(X
N−(N+)Q,F
k
p )m
the cohomology of XN
−
(N+) localized at a non-Eisenstein maximal ideal m.
We need the following freeness assumption.
Assumption 7.3. The Hecke module M′N+,m is free of rank two over T
N−(N)m.
Remark 7.4. We discuss the known freeness result of M′N+,m in §7.3. Since the result is not
proved in the full generality, we keep this as an assumption.
It is possible to pin down the canonical periods of fB via the Eichler-Shimura isomorphism
for Shimura curves (e.g. [Sai09, (3.6)]) with Assumption 7.3. Using the Poincare` duality and
the Betti-e´tale comparison as in §4.2, there exists a (surjective) perfect pairing
〈−,−〉′ :M′N+,m ×M
′
N+,m → O.
and we can define the following analogue of the cohomology congruence ideals for Shimura
curves
ξfB (N
+, N−) := ∧2M′N,m[℘fB ] ⊆ O.
We define the canonical period for fB by
ΩN
−
f :=
(4π)k〈fB, fB〉Γ
ξfB(N
+, N−)
where 〈fB, fB〉Γ is the Petersson inner product on X
N−(N+)(C). By the Jacquet-Langlands
correspondence, Assumption 7.3, and [DDT97, Lemma 4.17] we are able to identify ξfB(N
+, N−)
with ηf (N
+, N−).
Proposition 7.5. Under Assumption 7.3, we have
ηf (N
+, N−) = ξfB(N
+, N−).
7.2. Prasanna’s conjecture. In [Pra08, Remark 2.2 and Example 2.3], it is expected that
ordλ(Ω
N−
f /Ωf ) is a p-adic unit if ρ is irreducible. Note that it is a slightly different phenomenon
from the definite case (Corollary 5.8). In the indefinite case, it expected that the difference
between congruence ideals is encoded in the ratio of Petersson inner products, not the ratio of
canonical periods. See [Pra08, Conjecture 4.2] for the statement of the conjecture over totally
real fields.
Combining all the contents in this section, the following statement immediately follows.
Corollary 7.6. Let f be a newform of weight k and level Γ0(N) with decomposition N =
N+N− such that
(1) the restriction ρf |G
Q(
√
p∗)
is absolutely irreducible where p∗ = (−1)
p−1
2 p,
(2) 2 ≤ k ≤ p− 1,
(3) p, N+, and N− are pairwisely relatively prime,
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(4) N− is square-free, and
(5) if a prime q ≡ ±1 (mod p) and q divides N−, then ρf is ramified at q.
We further assume the following statements:
(a) N− is the square-free product of an even number of primes (Assumption 7.1).
(b) The Jacquet-Langlands transfer fB of f is integrally normalized in the sense of [Pra06]
(Assumption 7.2).
(c) The Hecke module M′N+,m is free of rank two over T
N−(N)m (Assumption 7.3).
(d) ordλ(Ω
N−
f /Ωf ) is a λ-adic unit.
Then
ordλ(
〈f, f〉Γ0(N)
〈fB, fB〉Γ
) =
∑
q|N−
tq(f).
Remark 7.7.
(1) In the case of elliptic curves, Assumption (b) on the integrality can be removed by the
geometric method of Ribet-Takahashi. See [Pra06, §2.2.1].
(2) In the case of weight two forms, Assumption (c) follows from [Hel07, Corollary 8.11
and Remark 8.12] under the tame level assumption (5). In [Hel07], although the level is
assumed to be square-free, it seems easy to be removed via Ihara’s lemma for Shimura
curves over Q.
(3) In the case of elliptic curves, Assumption (d) on the ratio of the canonical periods can
be removed by using Faltings’ isogeny theorem, but we need it for the higher weight
case. See [Pra08, Example 2.3].
7.3. Remarks on the freeness of the Hecke modules for Shimura curves. We briefly
review the freeness result of the higher weight Hecke modules for Shimura curves over Q based
on [Che13] and [CF18] although it would not give us exactly Assumption 7.3. Let Σ+ be the
primes in Σ not dividing N− as defined in §1.4.1.
Theorem 7.8 (Cheng, Cheng-Ji). We assume the following conditions:
• Assumption 1.4.(TW).
• ρ occurs in M′N(ρ)+,m.
• N(ρ) is square-free.
• If ℓ divides N− and ℓ2 ≡ 1 (mod p), then ℓ divides N(ρ).
• EndFp[GQp ]
(ρ|GQp ⊗ Fp) = Fp .
Then M′
N+
ρ,Σ+
,m
is free of rank two over TN
−
(N+
ρ,Σ+
·N−)m.
Proof. See [Che13, Theorem 5.14] for the N+
ρ,Σ+
= N(ρ)+ case, i.e. Σ+ = ∅. For general
Σ+, see [CF18, Theorem 3.11], which is based on [Dia97c] and Ihara’s lemma for Shimura
curves. 
Remark 7.9.
(1) The square-freeness condition of N(ρ) is imposed in [Che13, Page 420].
(2) The condition EndFp[GQp ]
(ρ|GQp ⊗Fp) = Fp is imposed in [Che13, (3.2)]. It seems that
it comes from [Ter03, (9), Page 30] in order to have the representability of potentially
Barsotti-Tate deformation rings (c.f. [CDT99]). We expect that the replacement of
this condition by the low weight crystalline condition would not cause any problem.
Indeed, this modification is already spelled out in the global deformation problem
in [Che13, Definition 5.12].
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8. The primitivity of Kato’s Kolyvagin systems via level lowering
In the theory of Kolyvagin systems, the concept of primitivity is important to establish the
main conjecture. We say that a Kolyvagin system is primitive if the mod p reduction of the
Kolyvagin system is non-zero. It is known that if a Kolyvagin system is primitive then the
main conjecture holds. See [MR04] and [KKS] for details.
Let f ∈ Sk(Γ0(N)) be a newform as in Theorem 1.3.
Proposition 8.1. If there exists a prime q exactly dividing N such that q 6≡ ±1 (mod p) and
tq(f) is divisible by λ, then Kato’s Kolyvagin system associated to f is not primitive.
Proof. See [MR04, Proposition 6.2.6] and [Bu¨y09, Corollary 25]. 
We directly observe the following statement from Theorem 1.3.
Corollary 8.2. Let q be a prime exactly dividing N such that q 6≡ ±1 (mod p). If ρ is
unramified at ℓ, then Kato’s Kolyvagin system associated to f is not primitive.
Remark 8.3. In order to have the primitivity, at least we must consider a newform of level
N/q obtained via level lowering of f in this case. This is also expected in [Bu¨y09, §4.2].
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